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We apply the recently derived constraintless Clairaut-type formalism to the Cho-Duan-Ge de-
composition in SU(2) QCD. We find nontrivial corrections to the physical equations of motion
and that the contribution of the topological degrees of freedom is qualitatively different from that
found by treating the monopole potential as though it were dynamic. We also find alterations to
the field commutation relations that undermine the particle interpretation in the presence of the
chromomonopole condensate.
2I. INTRODUCTION
The occurence of “redundant” degrees of freedom not determined by equations of motion (EOMs) is a characteristic
property of any physical system having symmetry [1, 2]. In gauge theories the covariance of EOM under symmetry
transformations leads to gauge ambiguity, i.e. the appearence of undetermined functions. In this situation some
dynamical variables obey first order differential equations [4]. One then employs a suitably modified Hamiltonian
formalism, such as the Dirac theory of constraints [5].
A constraintless generalization of the Hamiltonian formalism based on a Clairaut-type formulation was recently put
forward by one of the authors [6, 7]. It generalises the standard Hamiltonian formalism to include Hessians with zero
determinant, providing a rigorous treatment of the non-physical degrees of freedom in the derivation of EOMs and
the quantum commutation relations. An outline is given in app. A.
The Cho-Duan-Ge (CDG) decomposition of the gluon field in Quantum Chromodynamics (QCD), published by
Duan and Ge [8] and also by Cho [9], specifies the Abelian components of the background field in a gauge covariant
manner. In so doing it identifies the monopole degrees of freedom (DOFs) of the gluon field naturally, making
it preferable to the conventional maximal Abelian gauge [10]. It can also generate a gauge invariant canonical
momentum, which makes it of interest to studies of nucleon spin decomposition [11–14].
Up until now, the monopole DOFs have not been rigorously handled. Indeed, merely accounting for the physical and
gauge DOFs proved to be a long and difficult task [15–19]. An important observation of the monopole DOFs by Cho
et al. is that the Euler-Lagrange equation for the Abelian direction does not yield a new EOM. Their interpretation
is that the monopole is the “slow-changing background part” of the gauge field while the physical gluons constituted
the “fast-changing quantum part”.
In this paper we apply the Clairaut formalism to the monopole DOFs in two-colour QCD. We consider both the
gluon field and scalar “quarks” in the fundamental field. We find that the interaction between monopole and physical
DOFs vanishes from the EOMs, but that the canonical commutation relations are altered in a manner that leaves
particle number undefined.
Section II describes the CDG decomposition and establishes notation. In section III we identify the field theory
equivalent of qα and go on to find the qα curvature in section IV. The curvature’s non-zero value leads to alterations
in the EOMs elucidated in section V, while corresponding results are found in section VI for colour-charged scalars
in the fundamental representation. Our most important results, alterations to the commutation relations and their
implications for the particle interpetation, are discussed in section VII. We give a final discussion in section VIII and
a detailed summary of the Clairaut formalism in app. A.
II. REPRESENTING THE GLUON FIELD
The Cho-Duan-Ge (CDG) decomposition [8, 9], and another like it [20], was (re-)discovered [15] at about the turn
of the century when several groups were readdressing the stability of the chromomonopole condensate [16–18, 21–23].
Some authors [17, 18, 22], including one of the current ones [23], have overlooked the differences between the CDG
decomposition and that of Faddeev and Niemi, referring to the former as either the Cho-Faddeev-Niemi (CFN) or the
Cho-Faddeev-Niemi-Shabanov (CFNS) decomposition. In this paper we label it the CDG decomposition, as per the
convention of Cho et al. [14].
The Lie group SU(N) has N2 − 1 generators λ(a) (a = 1, . . .N2 − 1), of which N − 1 are Abelian generators Λ(i)
(i = 1, . . .N − 1). The gauge transformed Abelian directions (Cartan generators) are denoted as
nˆi(x) = U(x)
†Λ(i)U(x). (1)
Gluon fluctuations in the nˆi(x) directions are described by c
(i)
µ (x), where µ is the Minkowski index. There is a
covariant derivative which leaves the nˆi(x) invariant,
Dˆµnˆi(x) ≡ (∂µ + g~Vµ(x)×)nˆi(x) = 0, (2)
where ~Vµ(x) is of the form
~Vµ(x) = c
(i)
µ (x)nˆi(x) + ~Cµ(x), ~Cµ(x) = g
−1∂µnˆi(x) × nˆi(x). (3)
The vector notation refers to the internal space, and summation is implied over i = 1, . . .N − 1. For later convenience
we define
F (i)µν (x) = ∂µc
(i)
ν (x) − ∂νc
(i)
µ (x) (4)
3~Hµν(x) = ∂µ ~Cν(x)− ∂ν ~Cµ(x) + g ~Cµ(x) × ~Cν(x) = H
(i)
µν (x)nˆi(x), (5)
H(i)µν (x) =
~Hµν(x) · nˆi(x). (6)
The vectors ~Xµ(x) denote the dynamical components of the gluon field in the off-diagonal directions of the internal
space, so if ~Aµ(x) is the gluon field then
~Aµ(x) = ~Vµ(x) + ~Xµ(x) = c
(i)
µ (x)nˆi(x) +
~Cµ(x) + ~Xµ(x), (7)
where
~Xµ(x)⊥nˆi(x), ∀ 1 ≤ i < N , ~Dµ = ∂µ + g ~Aµ(x). (8)
The Lagrangian density is still
Lgauge(x) = −
1
4
~Fµν(x) · ~F
µν(x) (9)
where the field strength tensor of QCD expressed in terms of the CDG decomposition is
~Fµν(x) = (F
(i)
µν (x) +H
(i)
µν (x))nˆi(x) + (Dˆµ
~Xν(x)− Dˆν ~Xµ(x)) + g ~Xµ(x) × ~Xν(x). (10)
We will later have need of the conjugate momenta. These are only defined up to a gauge transformation, so to
avoid complications we take the Lorenz gauge. The conjugate momentum for the Abelian component is then
Π(i)µ(x) =
δ
( ∫
d3xLgauge
)
δ∂0c
(i)
µ (x)
= − ~F 0µ(x) · nˆ(i)(x), (11)
while the conjugate momentum of ~Xµ(x) is
~Πµ(x) =
δ
( ∫
d3xLgauge
)
δDˆ0 ~Xµ(x)
= −
1
2
(
Dˆ0 ~Xµ(x)− Dˆµ ~X0(x) + g( ~Xµ(x) × ~Xν(x))⊥{nˆ(i):1≤i≤M}
)
. (12)
From now on we restrict ourselves to the SU(2) theory, for which there is only one nˆ(x) lying in a three dimensional
internal space, and neglect the (i) indices. The results can be extended to larger SU(N = M + 1) gauge groups [23],
although the cross-product in eq. (12) vanishes when N = 2.
The above outline neglects various mathematical subtleties involved in a fully consistent application of the CDG
decomposition. In fact, its proper interpretation and gauge-fixing took considerable effort by several independent
groups. The interested reader is referred to [15–19] for further details.
III. THE qα GAUGE FIELDS OF THE MONOPOLE FIELD
Now we adapt the Clairaut approach (see app. A) [6, 24] to quantum field theory and apply it to the CDG
decomposition of the QCD gauge field, leaving the fundamental representation until section VI. Substituting the
polar angles,
nˆ(x) = cos θ(x) sin φ(x) eˆ1 + sin θ(x) sin φ(x) eˆ2 + cosφ(x) eˆ3. (13)
and defining
sinφ(x) nˆθ(x) ≡
∫
dy4
dnˆ(x)
dθ(y)
= sinφ(x) (− sin θ(x) eˆ1 + cos θ(x) eˆ2)
nˆφ(x) ≡
∫
dy4
dnˆ(x)
dφ(y)
= cos θ(x) cosφ(x) eˆ1 + sin θ(x) cosφ(x) eˆ2 − sinφ(x) eˆ3, (14)
4for later convenience, we note that
nˆφφ = −nˆ, sinφ nˆθθ = − sinφ(x) (cos θ eˆ1 + sin θ eˆ2), (15)
and that the vectors nˆ(x) = nˆφ(x)× nˆθ(x) form an orthonormal basis of the internal space.
Substituting the above into the Cho connection in eq. (3) gives
g ~Cµ(x) = (cos θ(x) cos φ(x) sin φ(x)∂µθ(x) + sin θ(x)∂φ(x)) eˆ1
+ (sin θ(x) cosφ(x) sin φ(x)∂µθ(x) − cos θ(x)∂φ(x)) eˆ2 − sin
2 φ(x)∂µθ(x) eˆ3
= sinφ(x) ∂µθ(x) nˆφ(x)− ∂µφ(x) nˆθ(x) (16)
from which it follows that
g2 ~Cµ(x)× ~Cν(x) = sinφ(x)(∂µφ(x)∂νθ(x) − ∂νφ(x)∂µθ(x))nˆ(x), (17)
Treating θ, φ as dynamic variables, their conjugate momenta are
p¯φ(x) =
∫
dy3
δL
x∂0φ(x)
=
∫
dy3
∫
dy0δ(x0 − y0)
(
sinφ(y)y∂
µθ(y)nˆ(y) + nˆθ(y)× ~X
µ(y)
)
· ~F0µ(y)δ
3(~x− ~y)
=
(
sinφ(x)∂µθ(x)nˆ(x) + nˆθ(x)× ~X
µ(x)
)
· ~F0µ(x), (18)
p¯θ(x) =
∫
dy3
δL
x∂0θ(x)
= −
∫
dy3
∫
dy0δ(x0 − y0) sinφ(y)
(
y
∂µφ(y) nˆ(y) + sinφ(y) nˆφ(y)× ~X
µ(y)
)
· ~F0µ(y)δ
3(~x− ~y)
= − sinφ(x)
(
∂µφ(x) nˆ(x) + nˆφ(x)× ~X
µ(x)
)
· ~F0µ(x). (19)
The Hessian is given by
∥∥∥∥ δ
2L
δqAδqB
∥∥∥∥ = 0, (20)
where A,B run over all fields, both physical and topological. It follows from inspection of the Lagrangian density,
eqs (9, 10), that the time derivatives of θ(x), φ(x) occur only in linear combination with those of one of the physical
gluon fields cµ(x), ~Xµ(x), either through F0ν(x) + H0ν(x) or Dˆ0. (This is readily extended to quarks, which we
introduce in section VI). Therefore the rows (columns) of the Hessian matrix corresponding to θ˙(x), φ˙(x) must be
linear combinations of those corresponding to the physical field velocities, so the Hessian vanishes.
This linear dependence within the Hessian is consistent with Cho and Pak’s [16], and Bae et al.’s [19] finding that
nˆ(x) (and by extension θ(x), φ(x)) does not generate an independent EOM.
We therefore use the discussion surrounding (3.10) in [6] and define
Bθ(x) ≡ p¯θ(x), Bφ(x) ≡ p¯φ(x). (21)
where the definitions of Bφ(x), Bθ(x) are generalised to quantum field theory from those in [6]. It follows that
Hphys = Hmix (also defined in [6]).
IV. THE qα-CURVATURE
From eqs. (18,19) we have
δBφ(x)
δθ(y)
=
(
sinφ(x)nˆθθ(x)× ~X
µ · ~F0µ(x)− Tφ(x)
)
δ4(x− y), (22)
δBθ(x)
δφ(y)
=−
(
cosφ(x)
(
∂µφ(x) nˆ(x) + nˆφ(x)× ~X
µ(x)
)
·
(
~F0µ(x) + ~H0µ
)
+ Tθ(x)
)
δ4(x − y), (23)
5where
Tφ(x) =∂
k
[
sinφ(x) nˆ · ~F0k(x) −
(
sinφ(x)∂kθ(x) + nˆθ(x) × ~Xk · nˆ
)
∂0φ(x)
]
, (24)
Tθ(x) =− ∂
k
[
sinφ(x)
(
nˆ · ~F0k(x) +
(
∂kφ(x) + nˆφ(x) × ~Xk · nˆ
)
∂0θ(x)
)]
, (25)
are the surface terms arising from derivatives δ(∂θ)
δθ
, δ(∂φ)
δφ
and the latin index k is used to indicate that only spacial
indices are summed over.
This yields the qα-curvature
Fθφ(x) =
∫
dy4
(δBθ(x)
δφ(y)
−
δBφ(x)
δθ(y)
)
δ4(x− y) + {Bφ(x), Bθ(x)}phys
=− cosφ(x)
(
∂µφ(x) nˆ(x) + nˆφ(x)× ~X
µ(x)
)
·
(
~F0µ(x) + ~H0µ(x)
)
− sinφ(x) nˆθθ(x) × ~X
µ(x) · ~Fµ0(x)
+ Tφ(x) − Tθ(x). (26)
where we have used that the bracket {Bφ(x), Bθ(x)}phys vanishes because Bφ(x) and Bθ(x) share the same dependence
on the dynamic DOFs and their derivatives.
In earlier work on the Clairaut formalism [6, 24] this was called the qα-field strength, but we call it qα-curvature in
quantum field theory applications to avoid confusion.
This non-zero Fθφ(x) is necessary, and usually sufficient, to indicate a non-dynamic contribution to the conventional
Euler-Lagrange EOMs. More significant is a corresponding alteration of the quantum commutators, with repurcussions
for canonical quantisation and the particle number.
V. ALTERED EQUATIONS OF MOTION
Generalizing eqs. (7.1,7.3,7.5) in [6],
∂0q(x) = {q(x), Hphys}new =
δHphys
δp(x)
−
∫
dy4
∑
α=φ,θ
δBα(y)
δp(x)
∂0α(y), (27)
the derivative of the Abelian component, complete with corrections from the monopole background is
∂0cσ(x) =
δHphys
δΠσ(x)
−
∫
dy4
∑
α=φ,θ
δBα(y)
δΠσ(x)
∂0α(y). (28)
The effect of the second term is to remove the monopole contribution to
δHphys
δΠσ(x) . To see this, consider that, by
construction, the monopole contribution to the Lagrangian and Hamiltonian is dependent on the time derivatives of
θ, φ, so the monopole component of
δHphys
δΠσ(x) is
δ
δΠσ(x)
Hphys|θ˙φ˙ =
δ
δΠσ(x)
( δHphys
δ∂0θ(x)
∂0θ(x) +
δHphys
δ∂0φ(x)
∂0φ(x)
)
=
δ
δΠσ(x)
( δLphys
δ∂0θ(x)
∂0θ(x) +
δLphys
δ∂0φ(x)
∂0φ(x)
)
=
δ
δΠσ(x)
(
Bθ(x)∂0θ(x) +Bφ(x)∂0φ(x)
)
, (29)
which is a consistency condition for eq. (28). This confirms the necessity of treating the monopole as a non-dynamic
field.
We now observe that
δBθ(x)
δcσ(y)
=
δBφ(x)
δcσ(y)
= 0, (30)
from which it follows that the EOM of cσ receives no correction. However its {, }phys contribution, corresponding to
the terms in the conventional EOM for the Abelian component, already contains a contribution from the monopole
field strength.
6Repeating the above steps for the valence gluons ~Xµ, assuming σ 6= 0 and combining
Dˆ0~Πσ(x) =
δH
δ ~Xσ(x)
−
∫
dy4
∑
α=φ,θ
δBα(y)
δ ~Xσ(x)
∂0α(y). (31)
with
δBφ(y)
δ ~Xσ(x)
= −
((
sinφ(y)y∂
σθ(y)nˆ+ nˆθ(y)× ~Xσ(y)
)
× ~X0 − nˆφ(y)nˆ · ~F0σ
)
(32)
δBθ(y)
δ ~Xσ(x)
=
((
∂σφ(x)nˆ + sinφ(x) nˆφ(x)× ~Xσ(x)
)
× ~X0 − sinφnˆθ(y)nˆ · ~F0σ
)
δ4(x− y), (33)
gives
Dˆ0~Πσ(x) =
δH
δ ~Xσ(x)
−
1
2
((
sinφ(x)(∂σφ(x)∂0θ(x) − ∂σθ(x)∂0φ(x)
)
nˆ(x)
+
(
sinφ(x)nˆφ(x)∂0θ(x)− nˆθ(x)∂0φ(x)
)
× ~Xσ(x)
)
× ~X0
=
δH
δ ~Xσ(x)
−
1
2
g2
(
~Cσ(x)× ~C0(x) + ~C0(x)× ~Xσ(x)
)
× ~X0(x). (34)
This is the converse situation of the Abelian gluon, where their derivatives ~Xσ is uncorrected while their EOM
receives a correction which cancels the monopole’s electric contribution to {Dˆ0 ~Xσ, Hphys}phys. This is required by
the conservation of topological current.
VI. THE FUNDAMENTAL REPRESENTATION
We consider a complex boson field a(x), a†(x) in the fundamental representation of the gauge group, and probe the
implications of this approach for the quark fields. Although physical quarks are fermions, we study the bosonic case
to avoid distracting complications, leaving the fermionic case for a later paper.
The kinetic and interaction terms are given by
− (Dˆµa)†(x)Dˆµa(x) (35)
We do not consider the mass term which makes no contribution to the physics considered here.
The contribution of a(x), a†(x) to Bφ(x), Bθ(x) is
Bφ(x)|a,a† =(Dˆ
0
a(x))†nˆθ(x)a(x) + (nˆθ(x)a(x))
†Dˆ0a(x)
Bθ(x)|a,a† =− (Dˆ
0
a(x))† sinφ(x)nˆφ(x)a(x) − (sinφ(x)nˆφ(x)a(x))
†Dˆ0a(x) (36)
leading to a contribution of
Fθφ(x)|a,a† =− (Dˆ0a(x))
†(cosφ(x)nˆφ(x) − sinφ(x)nˆ(x))a(x)
− (∂0θ(x)(cos φ(x)nˆφ(x) − sinφ(x)nˆ(x))a(x))
† sinφ(x)nˆφ(x)a
− ((cosφ(x)nˆφ(x)− sinφ(x)nˆ(x))a)
†Dˆ0a(x)
− (sinφ(x)nˆφ(x)a(x))
†(cosφ(x)nˆφ(x) − sinφ(x)nˆ(x))∂0θ(x)a
+ (nˆθθ(x)a(x)∂0φ(x))
†nˆθ(x)a(x)
+ (nˆθ(x)a(x))
†nˆθθ(x)a(x)∂0φ(x)
− (Dˆ0a(x))
†nˆθθ(x)a(x) − (nˆθθ(x)a(x))
†Dˆ0a(x) (37)
to the qα-curvature. It follows that the complete expression for the qα-curvature in this theory is the sum of eqs. (26,37)
As with the gluon DOFs, the non-zero Fθφ(x) leads to the cancellation of the monopole interactions, and generates
corrections to the canonical commutation relations.
7VII. MONOPOLE CORRECTIONS TO THE QUANTUM COMMUTATION RELATIONS
Corrections to the classical Poisson bracket correspond to corrections to the equal-time commutators in the quantum
regime. Denoting conventional commutators as [, ]phys and the corrected ones as [, ]new, for µ, ν 6= 0 we have
[cµ(x), cν(z)]new =[cµ(x), cν(z)]phys −
∫
dy4
( δBθ(y)
δΠµ(x)
F−1θφ (z)
δBφ(y)
δΠν(z)
−
δBφ(y)
δΠµ(x)
F−1φθ (z)
δBθ(y)
δΠν(z)
)
δ4(x− z)
=[cµ(x), cν(z)]phys
− sinφ(x) sin φ(z)(∂µφ(x)∂νθ(z)− ∂νφ(z)∂µθ(x))F
−1
θφ (z)δ
4(x − z). (38)
The second term on the final line, after integration over d4z, clearly becomes
Hµν(x) sinφ(x)F
−1
θφ (x), (39)
indicating the role of the monopole condensate in the correction. By contrast, the commutation relations
[cµ(x),Πν(z)]new = [cµ(x),Πν (z)]phys, [Πµ(x),Πν (z)]new = [Πµ(x),Πν (z)]phys, (40)
are unchanged. Nonetheless, the deviation from the canonical commutation shown in eq. (38) is inconsistent with the
particle creation/annihilation operator formalism of conventional second quantization.
Repeating for the valence gluons,
[Πaµ(x),Π
b
ν (z)]new =[Π
a
µ(x),Π
b
ν (z)]phys −
∫
dy4
( δBθ(y)
δXµa (x)
δBφ(y)
δXνb (z)
−
δBφ(y)
δXµa (x)
δBθ(y)
δXνb (z)
)
F−1θφ (z)
=[Πaµ(x),Π
b
ν (z)]phys
+
(
sinφ(z)naφ(x)n
b
θ(z)~F
0µ(x) · nˆ(x)~F 0ν(z) · nˆ(z)− sinφ(x)naθ(x)n
b
φ(z)~F
0µ(z) · nˆ(z)~F 0ν(x) · nˆ(x)
)
×F−1θφ (z)δ
4(x− z), (41)
where the second term on the final line, integrates over d4z to become
(naφ(x)n
b
θ(x)− n
a
θ(x)n
b
φ(x)) sin φ(x)
~F 0µ(x) · nˆ(x)~F 0ν(x) · nˆ(x)F−1θφ (x), (42)
while
[Xaµ(x),Π
b
ν (z)]new = [X
a
µ(x),Π
b
ν (z)]phys, [X
a
µ(x), X
b
ν(z)]new = [X
a
µ(x), X
b
ν(z)]phys. (43)
Indeed, this is not an exhaustive presentation of deviations from canonical quantisation. If a qα-gauge field’s
derivative with respect to any physical field or its conjugate momentum is non-zero, then that field’s quantisation
conditions and particle interpretation are affected unless the qα-curvature is exactly zero. Hence any field interacting
with the monopole component ceases to have a particle interpretation in the presence of the monopole component.
In particular, its particle number becomes ill-defined, which is reminiscent of the parton model.
Eq. (38) has a superficial similarity to Dirac brackets. The difference between our new brackets {, }new and Dirac
brackets is clarified in app. B of [6]. If one introduces additional ”nonphysical” momenta pα (equation (B1) in [6] or
sec. 5 of [7]) corresponding to the ”nonphysical” coordinates qα, then the new bracket in the fully extended phase
space becomes the Dirac bracket. But then we obtain constraints, especially the complicated second stage constraint
equations (B5) (of [7]), which are absent in our approach. Eq. (41) can therefore be considered to be a new shortened
version of quantization for singular systems, as described in the conclusions of [6] and [7].
Arguments that coloured states are ill-defined in the infrared regime, based on either unitarity and/or gauge
invariance [25–27] date back several decades but, to our knowledge, we are the first to argue that canonical quantisation
breaks down.
VIII. DISCUSSION
We have applied the Clairaut-type formalism to the CDG decomposition. This has shed light on the dynamics of
the topologically generated chromomonopole field of QCD. In particular, it addresses the issue of its EOMs, or lack
thereof [16, 19], and the contribution its DOFs make to the evolution of other fields.
8Indeed, the qα-curvature was found to be non-zero, leading to corrections to the time derivatives of the gluon’s
dynamic DOFs, which cancel all interactions between physical and non-physical fields from the EOMs. This is both
necessary for the consistency of eq. (28), and qualitatively consistent with our later finding that the chromomonopole
background alters the canonical commutation relations in such a way as to invalidate the particle interpetation of the
physical DOFs.
This can be taken to mean that quarks and gluons do not have a well-defined particle number in the monopole
condensate, suggestive of both confinement and the parton model, but it remains to repeat this work with a fully
quantised, i.e. including ghosts, SU(3) gauge field, and with fermionic quarks rather than scalar ones. Furthermore,
while many papers have found the monopole condensate [28–30], especially with the CDG decomposition [16, 21, 31,
32], to be energetically favourable to the perturbative vacuum, this result needs to be repeated within the Clairaut-
based quantisation scheme of this paper before strong claims are made.
In summary, this approach offers a rigorous analytic tool for elucidating the role of topological DOFs in the dynamics
of quantum field theories, and finds that coloured states have an ill-defined particle number in the presence of non-zero
monopole field strength.
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Appendix A: The Clairaut type formalism
Here we review the main ideas and formulae of the Clairaut-type formalism for singular theories [6, 24]. Let
us consider a singular Lagrangian L
(
qA, vA
)
= Ldeg
(
qA, vA
)
, A = 1, . . . n, which is a function of 2n variables (n
generalized coordinates qA and n velocities vA = q˙A = dqA/dt) on the configuration space TM , where M is a smooth
manifold, for which the Hessian’s determinant is zero. Therefore, the rank of the Hessian matrix WAB =
∂2L(qA,vA)
∂vB∂vC
is r < n, and we suppose that r is constant. We can rearrange the indices of WAB in such a way that a nonsingular
minor of rank r appears in the upper left corner. Then, we represent the index A as follows: if A = 1, . . . , r, we replace
A with i (the “regular” index), and, if A = r + 1, . . . , n we replace A with α (the “degenerate” index). Obviously,
detWij 6= 0, and rankWij = r. Thus any set of variables labelled by a single index splits as a disjoint union of two
subsets. We call those subsets regular (having Latin indices) and degenerate (having Greek indices). As was shown
in [6, 24], the “physical” Hamiltonian can be presented in the form
Hphys
(
qA, pi
)
=
r∑
i=1
piV
i
(
qA, pi, v
α
)
+
n∑
α=r+1
Bα
(
qA, pi
)
vα − L
(
qA, V i
(
qA, pi, v
α
)
, vα
)
, (A1)
where the functions
Bα
(
qA, pi
) def
=
∂L
(
qA, vA
)
∂vα
∣∣∣∣∣
vi=V i(qA,pi,vα)
(A2)
are independent of the unresolved velocities vα since rankWAB = r. Also, the r.h.s. of (A1) does not depend on the
degenerate velocities vα
∂Hphys
∂vα
= 0, (A3)
9which justifies the term “physical”. The Hamilton-Clairaut system which describes any singular Lagrangian classical
system (satisfying the second order Lagrange equations) has the form
dqi
dt
=
{
qi, Hphys
}
phys
−
n∑
β=r+1
{
qi, Bβ
}
phys
dqβ
dt
, i = 1, . . . r (A4)
dpi
dt
= {pi, Hphys}phys −
n∑
β=r+1
{pi, Bβ}phys
dqβ
dt
, i = 1, . . . r (A5)
n∑
β=r+1
[
∂Bβ
∂qα
−
∂Bα
∂qβ
+ {Bα, Bβ}phys
]
dqβ
dt
=
∂Hphys
∂qα
+ {Bα, Hphys}phys , α = r + 1, . . . , n (A6)
where the “physical” Poisson bracket (in regular variables qi, pi) is
{X,Y }phys =
n−r∑
i=1
(
∂X
∂qi
∂Y
∂pi
−
∂Y
∂qi
∂X
∂pi
)
. (A7)
Whether the variables Bα
(
qA, pi
)
have a nontrivial effect on the time evolution and commutation relations is
equivalent to whether or not the so-called “qα-field strength”
Fαβ =
∂Bβ
∂qα
−
∂Bα
∂qβ
+ {Bα, Bβ}phys (A8)
is non-zero. See [6, 7, 24] for more details.
[1] K. Sundermeyer, Constrained Dynamics (Springer-Verlag, Berlin, 1982).
[2] T. Regge and C. Teitelboim, Constrained Hamiltonian Systems (Academia Nazionale dei Lincei, Rome, 1976).
[3] J. F. Carinena, ”Theory of singular Lagrangians,” Fortsch. Physik 38, 641 (1990).
[4] M. Henneaux and C. Teitelboim, Quantization of Gauge Systems (Princeton University Press, Princeton, 1994).
[5] P. A. M. Dirac, Lectures on Quantum Mechanics (Yeshiva University, New York, 1964).
[6] S. Duplij, ”Generalized duality, Hamiltonian formalism and new brackets,” J. Math. Physics, Analysis, Geometry 10, 189
(2014).
[7] S. Duplij, ”Formulation of singular theories in a partial Hamiltonian formalism using a new bracket and multi-time
dynamics,” Int. J. Geom. Methods in Modern Physics 12, 1550001 (2015).
[8] Y. S. Duan and M. L. Ge, ”SU (2) gauge theory and electrodynamics of N moving magnetic monopoles,” Sci. Sinica 11,
1072 (1979).
[9] Y. M. Cho, ”Colored monopoles,” Phys. Rev. Lett. 44, 1115 (1980).
[10] G. ’t Hooft, ”Topology of the gauge condition and new confinement phases in Nonabelian gauge theories,” Nucl.Phys.
B190, 455 (1981).
[11] M. Wakamatsu, ”Gauge independence of gluon spin in the nucleon and its evolution,” Phys. Rev. D84, 037501 (2011).
[12] X.-S. Chen, W.-M. Sun, F. Wang, and T. Goldman, ”Proper identification of the gluon spin,” Phys. Lett. B700, 21
(2011).
[13] P. M. Zhang and D. G. Pak, ”On gauge invariant nucleon spin decomposition,” European Phys. J. A48, 1 (2012).
[14] Y. M. Cho, M. L. Ge, and P. Zhang, ”Nucleon spin in QCD: Old crisis and new resolution,” Mod. Phys. Lett. A27,
1230032 (2012).
[15] S. V. Shabanov, ”An effective action for monopoles and knot solitons in Yang-Mills theory,” Phys. Lett. B458, 322 (1999).
[16] Y. M. Cho and D. G. Pak, ”Monopole condensation in SU(2) QCD,” Phys. Rev. D65, 074027 (2002).
[17] K.-I. Kondo, T. Murakami, and T. Shinohara, ”BRST symmetry of SU(2) Yang-Mills theory in Cho-Faddeev-Niemi
decomposition,” Eur. Phys. J. C42, 475 (2005).
[18] K.-I. Kondo, ”Gauge-invariant gluon mass, infrared Abelian dominance and stability of magnetic vacuum,” Phys. Rev.
D74, 125003 (2006).
[19] W. Bae, Y. M. Cho, and S. Kim, ”QCD versus Skyrme-Faddeev theory,” Phys. Rev. D65, 025005 (2002).
[20] L. Faddeev and A. J. Niemi, ”Partially dual variables in SU(2) Yang-Mills theory,” Phys. Rev. Lett. 82, 1624 (1999).
[21] Y. M. Cho, M. L. Walker, and D. G. Pak, ”Monopole condensation and confinement of color in SU(2) QCD,” JHEP 05,
073 (2004).
10
[22] D. Kay, A. Kumar, and R. Parthasarathy, ”Savvidy vacuum in SU(2) Yang-Mills theory,” Mod. Phys. Lett. A20, 1655
(2005).
[23] M. L. Walker, ”Stability of the magnetic monopole condensate in three- and four-colour QCD,” JHEP 01, 056 (2007).
[24] S. Duplij, ”A new Hamiltonian formalism for singular Lagrangian theories,” J. Kharkov Univ., ser. Nuclei, Particles and
Fields 969, 34 (2011).
[25] I. Ojima, ”Observables and quark confinement in the covariant canonical formalism of Yang-Mills theory,” Nucl. Phys.
B143, 340 (1978).
[26] I. Ojima and H. Hata, ”Observables and quark confinement in the covariant canonical formalism of Yang-Mills theory.
II,” Z. Physik C1, 405 (1979).
[27] T. Kugo and I. Ojima, ”Local covariant operator formalism of non-Abelian gauge theories and quark confinement problem,”
Prog. Theor. Phys. Suppl. 66, 1 (1979).
[28] G. K. Savvidy, ”Infrared instability of the vacuum state of gauge theories and asymptotic freedom,” Phys. Lett. B71, 133
(1977).
[29] N. K. Nielsen and P. Olesen, ”An unstable Yang-Mills field mode,” Nucl. Phys. B144, 376 (1978).
[30] H. Flyvbjerg, ”Improved QCD vacuum for gauge groups SU(3) and SU(4),” Nucl. Phys. B176, 379 (1980).
[31] Y. M. Cho and D. G. Pak, ”Dynamical symmetry breaking and magnetic confinement in QCD,” (2000).
[32] Y. M. Cho and M. L. Walker, ”Stability of monopole condensation in SU(2) QCD,” Mod. Phys. Lett. A19, 2707 (2004).
